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Towards a grand unified picture for neutrino and quark mixings ∗
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The comparison of the CKM mixing angles with the leptonic mixings implied by the recent atmospheric and
solar neutrino data exhibits an interesting complementarity. This pattern can be understood in the context of
the SU(5) grand unification, assuming that the fermion mass matrices have Fritzsch-like structures but are not
necessarily symmetric. (The present contribution is based on the paper in ref. [1].)
1. Introduction
One of the mysteries of particle physics is the
manifest hierarchy in the fermion spectrum and
mixing angles. The masses of the quarks and
charged leptons are spread over five orders of
magnitude, from MeVs to hundreds of GeVs and
the quark mixing angles are:
θq23 = (2.3± 0.2)◦, θq12 = (12.7± 0.1)◦,
θq13 = (0.18± 0.04)◦ (1)
As for the neutrinos, the recent data from the
atmospheric and solar neutrino (AN and SN)
experiments [2] providing information on their
masses and mixings, have made the mystery of
“flavour” even more intriguing. On the one hand,
the ranges of δm2atm and δm
2
sol needed for the
explanation of the AN and SN anomalies, can
be translated directly into values of the neutrino
masses. Namely, assuming the mass hierarchy
m3 > m2 > m1 for the neutrino mass eigenstates
ν1,2,3 we find a mass hierarchy m2/m3 similar to
∗Talk given by A. Rossi at the Int. Workshop “Particles
in Astrophysics and Cosmology: from Theory to Observa-
tion”, May 3-8, 1999, Valencia, Spain.
that of the charged leptons:2
m3=(5.7
+2.7
−2.2)·10−2 eV, m2=(2.5+0.7−0.5)·10−3 eV(2)
On the other hand, the magnitudes of the neu-
trino mixing angles3
θl23 = (45± 11)◦, θl12 = (2.0± 1.2)◦,
θl13 < (13− 20)◦ (3)
are in clear contrast with the corresponding quark
angles (1). In short: the AN anomaly points
to maximal 23 mixing in the leptonic sector to
be compared with the very small 23 mixing of
quarks, and on the contrary, the MSW solution
implies a very small 12 lepton mixing angle versus
the reasonably large value of the Cabibbo angle.
In the standard model (SM) or in its super-
symmetric extension the masses of the charged
fermions qi = (ui, di), u
c
i , d
c
i ; li = (νi, ei), e
c
i
(i = 1, 2, 3 is a family index) emerge from the
Yukawa terms:
φ2u
c
iY
ij
u qj + φ1d
c
iY
ij
d qj + φ1e
c
iY
ij
e lj (4)
2 Below we concentrate on the small-mixing angle MSW
solution for the SN problem [3], barring other possibilities
such as the large-mixing angle MSW or vacuum oscillation
solutions.
3 For δm2
atm
> 2 · 10−3 eV2 the limit θl
13
< 13◦ follows
from the CHOOZ experiment. Moreover, taking into ac-
count all the experimental data, θl
13
≈ 0 provides the best
data fit both for AN and SN cases [4].
2where φ1,2 are the Higgs doublets: 〈φ1,2〉 = v1,2,
(v21 + v
2
2)
1/2 = vw = 174 GeV and Yu,d,e are ar-
bitrary matrices of coupling constants. The neu-
trino masses emerge only from the higher order
effective operator [5]:
φ2φ2
M
liY
ij
ν lj , Y
ij
ν = Y
ji
ν (5)
where M ≫ vw is some cutoff scale and Yν
is a matrix of dimensionless coupling constants.
The fermion mass eigenstates are identified by di-
agonalizing the Yukawa matrices Yu,d,e,ν by bi-
unitary transformations:
U ′Tf YfUf = Y
D
f , f = u, d, e, ν (6)
(for the neutrinos it is U ′ν ≡ Uν). In this way
the Cabibbo-Kobayashi-Maskawa (CKM) matrix
Vq = U
†
uUd and the leptonic mixing matrix Vl =
U †eUν , describing the neutrino oscillation phe-
nomena, are also determined:
Vq =

 Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb

 , (7)
Vl =

 Ve1 Ve2 Ve3Vµ1 Vµ2 Vµ3
Vτ1 Vτ2 Vτ3

 (8)
For both mixing matrices, we adopt the
“standard” parametrization utilizing the angles
θ12, θ23, θ13 and a CP-phase δ.
4 In the follow-
ing, we distinguish the quark and lepton mixing
angles in Vq and Vl by the subscripts ‘q’ and ‘l’,
respectively.
As already mentioned, the SM does not pro-
vide any theoretical hints to constrain the matri-
cesYu,d,e andYν , leaving the issue of the fermion
mass hierarchy and mixing pattern unexplained.
Concerning the neutrinos, also the mass scale M
remains a free parameter. One can only conclude
that if the maximal constant in Yν is of order
the top Yukawa constant, Y3 ∼ Yt ∼ 1, then the
mass valuem3 in (2) points to the scaleM ∼ 1015
GeV, rather close to the grand unified scale.
In this respect, the grand unified theories can
be very useful. In these theories, as a consequence
4 The leptonic mixing matrix contains two additional
phases that are not relevant for the neutrino oscillations.
of the larger gauge group, relationships between
quark and lepton masses or between CKM an-
gles and quark mass ratios can emerge naturally.
Moreover, the assumption of further symmetries
in the Yukawa sector — well known examples be-
ing the “horizontal” or “family” symmetries —
implies further predictions and thus a possible
clue to discern the “flavour” mystery [6,7].
A popular Yukawa texture is that suggested by
Fritzsch [8]:
Yu,d,e =

 0 A
′
u,d,e 0
Au,d,e 0 B
′
u,d,e
0 Bu,d,e Cu,d,e

 (9)
where all elements are generically complex and
obey the additional condition:
|A′f | = |Af |, |B′f | = |Bf |; f = u, d, e (10)
The presence of zero elements as well as the
“symmetricity” property (10) can be motivated
by “ horizontal” symmetries [9]. This pattern
has many interesting properties. For instance, it
links the observed value of the Cabibbo angle,
Vus ≈
√
md/ms, to the observed size of the CP-
violation in the K − K¯ system and the predicted
magnitude |Vub/Vcb| ≈
√
mu/mc is in good agree-
ment with the data. Unfortunately, this texture
implies cannot account at the same time for the
small value of Vcb and the large top mass.
However, this shortcoming can be cured just by
embedding the ansatz in a SU(5) grand unified
theory and breaking the symmetricity condition5
in the 23-family sector with be = |Be/B′e| > 1
and bd = |B′d/Bd| > 1. The SU(5) symmetry
ensures the following product rule for the mixing
angles:
tan θd23 tan θ
e
23 ∼
(
mµms
mτmb
)1/2
(11)
This rule is certainly exact when the down-quark
and charged-lepton matrices have the symmetric
Fritzsch texture from which one derives tan θd23 =
(ms/mb)
1/2 and tan θe23 = (mµ/mτ )
1/2. How-
ever, these two relations are unsatisfactory as
|Vcb| < (ms/mb)1/2 and sin θatm < (mµ/mτ )1/2.
5 The need of such an asymmetry was invoked in the con-
text of SO(10) models [7].
3On the other hand, whenever the symmetricity
condition is broken, the rule (11) is only approxi-
mate since none of those angles can be predicted
in terms of mass ratios. Indeed their values now
depend on the amount of asymmetry between the
23 and 32 entries, i.e. on the factors bd and be.
One can easily realize that the increasing of be
goes in parallel with that of bd since in SU(5) the
Yukawa matrices are related as Ye = Y
T
d , mod-
ulo certain Clebsch factors. As a result the 23
mixing becomes larger in the leptonic sector and
smaller in the quark sector. Therefore, if tan θd23
decreases below (ms/mb)
1/2, then tan θe23 should
correspondingly increase above (mµ/mτ )
1/2, and
when the former reaches the value |Vcb| ≃ 0.05,
the latter becomes ∼ 1 (this happens for bd,e ∼
8). Though these estimates are not precise, they
qualitatively demonstrate the ‘seesaw’ correspon-
dence between the quark and lepton mixing an-
gles whenever their magnitudes are dominated
by the rotation angles coming from the down
fermions. A similar argument can be applied also
to the 12 mixing:
tan θd12 tan θ
e
12 ∼
(
memd
mµms
)1/2
(12)
The relation Vus ≃ (md/ms)1/2 suggests that the
12 block of Yd should be nearly symmetric, and
hence we expect that sin θsol ∼ (me/mµ)1/2.
The above discussion is the key-point that will
be extensively developed and discussed in the
next section.
2. Modifying the Fritzsch ansatz in SU(5)
In the SU(5) model the masses of the fermions
5¯i=(d
c, l)i, 10i=(u
c, ec, q)i arise from the follow-
ing Yukawa terms:
H¯10iG
ij 5¯j +H10iG
ij
u 10j +
HH
M
5¯iG
ij
ν 5¯j (13)
where H = (T, φ2) ∼ 5 and H¯ = (T¯ , φ1) ∼ 5¯
are the Higgses. The Yukawa constant matrices
Gu and Gν are symmetric due to SU(5) symme-
try reasons while the form ofG is not constrained.
Upon breaking the SU(5) symmetry, we recover
the SM Yukawa couplings (4) with
Ye = G, Yd = G
T , Yu = Gu, Yν = Gν(14)
To simplify the discussion we shall assume, with-
out loss of generality, that the matrices Gu and
Gν are diagonal. Then the weak mixing ma-
trices in the quark and leptonic sectors are just
Vq = Ud and Vl = U
†
e . On the other hand, since
Yd = Y
T
e , we get that Ud = U
′
e and Ue = U
′
d, so
that the rotation angles of the left down quarks
(charged leptons) are related to the unphysical
angles rotating the right states of the charged
leptons (down quarks). In the minimal SU(5)
model the entries of the matrix G are just con-
stants and one faces the well-known problem of
the down-quark and charged-lepton degeneracy
at the GUT scale. While the Yb = Yτ unification
is a success of the SUSY SU(5) GUT, the other
predictions Ys,d = Yµ,e are clearly wrong.
A more satisfactory picture emerges if the
terms H¯10iG
ij 5¯j are understood as effective cu-
bic couplings originating from higher-order op-
erators, such as H¯10i(
Φ
Ms
Gˆij)5¯j , where Φ is the
SU(5) adjoint and Ms is some fundamental scale
larger than the GUT scale. As a consequence,
the corresponding entries in Ye and Yd can be
distinguished by Clebsch coefficients.
In this perspective the matricesYe and Yd can
assume the asymmetric form given in Eq. (9).
Phenomenological arguments impose these fur-
ther relations:
Cd = Ce (= C),
Ad = A
′
d = A
′
e = Ae (= A),
B′d = k
′Be, Bd = kB
′
e (15)
where the coefficients k and k′ are nontrivial
SU(5) Clebsches breaking the quark and lepton
symmetry. Introducing the 23-sector asymmetry
parameters be = Be/B
′
e and bd = B
′
d/Bd =
k′
k be
we finally end up with the following textures:
Ye=

 0 A 0A 0 1bB
0 B C

 , (16)
Yd=

 0 A 0A 0 k′B
0 kbB C

 (17)
This ansatz depends on six parameters: three
Yukawa entries A,B,C and three Clebsch fac-
tors k, k′ and b. Through these parameters we
4Figure 1. The lepton mixing angles (symbols on
the curves) as functions of b (solid). The oscilla-
tion parameters sin2 2θl23 and sin
2 2θl12 are also
shown (dash), together with the experimental
limits sin2 2θl23 > 0.86 and sin
2 2θl12 < 1.5 · 10−2
(dotted lines).
have to determine six eigenvalues – Ye,µ,τ and
Yd,s,b – and six mixing angles – s
q
12, s
q
23, s
q
13 and
sl12, s
l
23, s
l
13. Hence at the GUT scale we are left
with six relations between the physical observ-
ables. The leptonic mixing angles can be then
expressed in terms of ratios of the correspond-
ing lepton masses and the asymmetry parame-
ter be. Fig. 1 illustrates the b-dependence of the
leptonic mixing angles and of the corresponding
parameters sin2 2θl23 = 4|Vµ3|2(1 − |Vµ3|2) and
sin2 2θl12 = 4|Ve2|2(1− |Ve2|2).
For b = 1 the 23 mixing angle is rather small
for explaining the AN anomaly, while the 12 mix-
ing is somewhat above the upper limit obtained
by the MSW fit of the SN data (c.f. (3)). How-
ever, for larger b, |Vµ3| increases roughly as
√
b
and becomes maximal around b = 8.4, while |Ve2|
slowly decreases (roughly as
√
ce23). Thus, the
AN bound, sin2 2θ23 > 0.86, requires 6 < b < 12,
while the SN data favour b > 7, when sin2 2θl12
drops below 1.5 · 10−2.
Analogously the quark masses and mixing an-
gles can be expressed in terms of the lepton mass
ratios and of the three parameters be, k, k
′. Then
we show the behaviour of the mixings (Fig. 2), of
Figure 2. As in Fig. 1 for the quark mixing an-
gles, with bd = b (i.e. k
′ = k), for three different
values: k2 = 1/4 (solid), k2 = 1/3 (dott) and
k2 = 1/5 (dash). All mixing angles are evaluated
at the GUT scale.
the masses6 ms, mb and the ratio ms/md (Fig. 3)
for several values of k · k′ . For k ∼ k′ and large
values of b, (b = 7− 12 as required from the lep-
ton mixing) we achieve quite a satisfactory de-
scription also of the quark sector. The pattern
with k = k′ = 1/2 looks somehow favoured. We
also learn from Fig. 3 that rather small values
of Yt ∼ 0.5 − 1 are needed to obtain the cor-
rect bottom mass for b >∼ 7. This special feature
arises from the substantial correction to the b− τ
Yukawa unification due to the large b.
In a more general case, we have to expect also
Yu, Yν to have a Fritzsch-like form. This would
occur in the presence of some underlying hori-
zontal symmetry. Such a scenario would provide
some different features. In this case smaller val-
ues of be,d can suffice since now the mixing angles
will be contributed also by the unitary matrices
Uu and Uν : Vq = U
†
uUd and Vl = U
†
eUν . For the
CKM mixing angles we have:
|Vcb| = sq23 ≈
∣∣sd23 − eiϕsu23∣∣ ,
|Vus| = sq12 ≈
∣∣sd12 − eiδsu12∣∣ ,
∣∣∣∣VubVcb
∣∣∣∣ ≈ su12 (18)
where the phases ϕ, δ etc are combinations of the
independent phases in the Yukawa matrices. The
6The re-normalization scaling has been taken into account
for the bottom mass.
5Figure 3. The dependence of the down quark
masses on be = b. ms(1 GeV) is shown in units of
100 MeV and the ratio ms/md in units of 20. We
also show iso-contours for mb(mb) = 4.25 GeV in
the b − Yt plane (for αs = 0.118).
θu23, θ
u
12 are the analogous angles diagonalizing
Yu: tan θ
u
23 =
√
Yc/Yt and tan θ
u
12 =
√
mu/mc.
By varying the phase ϕ from 0 to pi, the value
of the 23 mixing angle in the CKM matrix can
vary between its minimal and maximal possible
values:
θ
q(∓)
23 = θ
d
23 ∓ θu23 (19)
Analogously, for the leptonic mixing we have
θ
l(∓)
23 = θ
e
23 ∓ θν23 (20)
where tan θν23 =
√
m2/m3. Thus, for the range
of the neutrino masses indicated in (2) we obtain
θν23 = (11.8
+5.0
−3.0)
◦. In case of moderate asymme-
try in Yd,e, the entries in (19) are big as com-
pared to the experimental value of θq23 while each
of the entries in (20) is too small for the magni-
tude of θl23 required by the AN oscillation. How-
ever, by properly tuning the phases, θq23 can get
close to θ
q(−)
23 = θ
d
23 − θu23 while θl23 can approach
θ
l(+)
23 = θ
e
23 + θ
ν
23, Therefore, even for small val-
ues be,d ≈ 2, one could achieve a proper fit of the
mixing angles. In ref. [1] an example of realiza-
tion of such a scenario, implementing the U(2)
horizontal symmetry, is illustrated.
3. Conclusions
We have discussed how the present pattern of
the leptonic mixing angles, characterized by a
maximal mixing between the second and third
generation, can be linked to the CKM mixing an-
gles in the SU(5) grand unification thanks to the
fermion multiplet structure. In particular, this
has been shown assuming the fermion Yukawa
matrices to have a Fritzsch-like form with an
asymmetric 23-block and (essentially) symmetric
12-block.
We remark that alternative and realistic
ansa¨tze – with diagonal Yu,ν – (accounting e.g.
for CP-violation) can be motivated in the context
of U(3) horizontal symmetry [11].
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